We compute the Schrödinger functional (SF) for the case of lattice QCD with Wilson fermions (with and without SW improvement) at two-loop order in lattice perturbation theory. This allows us to extract the three-loop β-function in the SF-scheme. These results are required to compute the running coupling, the Λ-parameter and quark masses by finite size techniques with negligible systematic errors. In addition our results enable the implementation of two-loop O(a) improvement in SF-simulations.
Introduction
Physical amplitudes in quantum chromodynamics (QCD) obey renormalization group equations whose solutions at high energy can be computed (in various leading logarithmic approximations) using renormalized perturbation theory. The solutions involve renormalization group invariant mass parameters, the so-called (scheme dependent) Λ parameter and the renormalization group invariant quark masses M. The determination of the relationships of these quantities to the low-lying hadron masses is a non-perturbative problem. For the quark masses there are various non-perturbative approaches including chiral perturbation theory, but the most systematic approach and the only one available for computing e.g. the ratio Λ/M proton is to employ the lattice regularization. There is already a vast literature on this subject (see e.g. the reviews [1] - [3] ).
Among the collaborations which have as one of their main goals the computation of these relationships to as high precision as presently possible is the Alpha Collaboration. The collaboration's results in the quenched approximation have already been presented, most recently in [4] . The extension of the project to full QCD is now under way but due to the enormous extra cost in CPU time, without the sufficient compensation of computer power it will still take some time [5] until one can match the accuracy attained in the quenched approximation.
The emphasis of the Alpha project is on precision and directly associated with this, an attempt to carefully control systematic errors. The aim is to compute non-perturbatively defined running couplings and quark masses over a wide range of energies ranging from low energies where contact with hadronic mass parameters is made. To make contact with perturbation theory it is essential that the simulation reaches a range of high energy where the predicted behavior actually appears to set in. Our tactic to reach this goal has been explained in many publications [7] , [8] and we refer the reader to these papers for further technical details. The key idea is to define a coupling g(L) in a system with finite linear extension L (with specified boundary conditions). Adjusting a/L and the bare coupling so that g(L) is kept fixed, the approach to the continuum limit of the coupling at twice the extension g(2L) depends only on a/L. As a working hypothesis this approach is fitted by a power law (up to logarithmic factors) as expected from the Symanzik effective action analysis [1] .
A specific such coupling α SF =ḡ SF /4π, measured by the Alpha Collab-oration is not directly experimentally accessible, but it can be related to phenomenological running couplings e.g. the MS coupling of dimensional regularization defined in infinite volume at high energies, using renormalized perturbation theory:
To reduce the estimated systematic errors introduced by truncation of the perturbative series to the level of ∼ 1% it is necessary to work out this connection to two-loop order. For technical reasons this is at present accomplished in two steps. The first step, the computation of the relationship of α MS to the bare lattice coupling α 0 , has been completed in refs. [9] , [10] and [11] . In this paper we perform the second step, the relationship of α SF to α 0 for N f > 0 flavors (the case N f = 0 has already been presented in [12] - [14] ). The final result between the continuum quantities (1.1) is of course regularization independent, but the intermediate relations in both steps depend on the details of the lattice action employed. In our simulations we attempt to reduce lattice artifacts in the continuum limit by working with the Symanzik O(a)-improved fermion action of Sheikholeslami and Wohlert [15] . The cancellation of extra O(a) effects due to the presence of boundaries requires the introduction of additional boundary terms in the action. The weights of these terms can also be computed in perturbation theory and the computation presented here fixes the one relevant for the boundary conditions under consideration to two-loop order.
After recalling the definition of α SF in the next section we will present some technical details, describing the Feynman diagrams involved in section 3. In section 4 we discuss the dependence of the perturbative coefficients on the lattice cutoff, and the related task of determining the boundary improvement coefficients mentioned above. In the final section 5 we compute the coefficients in eq.(1.1). A summary of part of this work has already been given in [16] .
Basic definitions
The Schrödinger functional [7] is the QCD partition function
with the following particular geometry. In the spatial directions we have a finite box of size L (in all directions) with periodic-like boundary conditions (see below). The extent of the time (x 0 ) direction is also finite, T , and at the boundaries x 0 = 0, x 0 = T , Dirichlet boundary conditions (specified below) are imposed. The ratio T /L belongs to the definition of the SF and in this work we always restrict ourselves to the choice T = L. The SF can be straightforwardly defined non-perturbatively by using the lattice regularization. In eq.(2.1) the links interior to the box are integrated over with the invariant SU(3) measure, and the dynamical Grassmann fields ψ(x),ψ(x) are those at points x with 0 < x 0 < L.
The action is taken to be
The pure gauge part is defined by the usual sum over oriented plaquettes,
The weight w(p) is unity for all plaquettes except those at the boundary that contain the time-direction and one of the frozen spatial links where we put
S W has the form of the standard Wilson fermion action with r = 1,
where M 0 (x) is the usual bare mass m 0 , modified only by extra contributions at the boundaries
The lattice Wilson Dirac operator D is given by
Hermitian γ-matrices are used (we adopt the conventions of ref. [17] ). ∇ µ , ∇ * µ are the forward and backward lattice covariant derivatives
Note that to be able to write the action (2.5) in a more elegant form, we have defined ψ(x) = 0 =ψ(x) for x 0 = 0, L. The additional U(1) field in (2.8,2.9)
corresponds to a free phase in the spatial boundary conditions of the fermions. Finally S SW is the Sheikholeslami-Wohlert [15] term
where we refer to ref. [17] for the definition of the field F µν appearing here. The function c sw (g 0 ) is assumed to have a perturbative expansion of the form
Appropriate specification of c sw (g 0 ) allows the elimination of all O(a) effects in on shell quantities; the values of the coefficients required for this improvement will be denoted by c (i) * sw . At tree level c (0) * sw = 1 (or = r with general Wilson parameter). The value of the 1-loop coefficient c (1) * sw is known (see Table 1 ) and it is independent of N f ; we note also that c * sw has been computed non-perturbatively for a range of bare coupling g 0 in the quenched theory [18] , [19] and in the unquenched theory with N f = 2 [20] .
To define renormalized quark masses from the bare mass m 0 for Wilson fermions requires both additive and multiplicative renormalization:
where the critical mass m c has a perturbative expansion:
The coefficients m (i) c depend on c sw ; in particular the 1-loop coefficient m (1) c , which appears in our computation, depends on the tree value c (0) sw (see Table  1 ), but is independent of N f . It remains to specify the boundary conditions. Firstly the spatial links U(x, k), k = 1, 2, 3, are frozen to fixed SU(3)-elements for the layers at time coordinate x 0 = 0, L,
, [22] , [23] [25] c (1) * sw 0.26590 (7) [24], [25] Here a is the lattice spacing, and φ i , φ ′ i are certain [8] dimensionless numbers that depend on one free parameter η. The SF-couplingḡ is defined from the response in the free energy Γ (2.1), to infinitesimal changes in the surface fields by varying η,
where Γ ′ is the derivative with respect to η at η = 0, and k is a constant which is fixed by normalizing the leading term in the perturbative expansion g 2 (L) = g 2 0 + p 1 (I)g 4 0 + p 2 (I)g 6 0 + . . . (2.18) where here and in the following we often denote the number of lattice points (in a given direction) L/a by I.
The coefficients c i (s) in the continuum relation (1.1) depend not only on the number of quark flavors N f but also on the particular choice for the boundary phases φ, φ ′ occurring in (2.15,2.16) and on the parameter θ (2.10). Both our perturbative calculation here and simulations reported in [8] and more recently in [6, 4, 5] are restricted to the choice "A" of [8] for the background field and θ = π/5. The coefficients p i appearing in (2.18) depend on the number of flavors,
The one-and two-loop coefficients p 10 , p 20 for the quenched case have been computed in refs. [8] , [14] respectively (and for the case of SU(2) in [26] ); we note that in these papers the coefficients p i0 were denoted by m i . The one-loop coefficient p 11 was computed in ref. [17] . Our objective here is to compute the remaining two-loop coefficients p 21 , p 22 .
The Callan-Symanzik equation wherep i are independent of L/a but dependent on N f and on c sw . The known values including our results 1 here are summarized in Table 2 , where componentsp ij are defined in analogy to (2.19) , (2.20) . The boundary weight c t is assumed to have a perturbative expansion of the form c t (g 0 ) = 1 + c
and similarly forc t . The freedom of adjusting the boundary weights c t and c t to specific functions c * t andc * t is required for improvement of O(a) lattice artifacts that are otherwise introduced by the surfaces. The one-loop coefficientc (1) * t required for improvement of SF correlation functions has been computed in ref. [25] and is independent of N f . With this knowledge, the perturbative coefficients of c * t can be computed to 2-loops from evaluating the O(a) lattice artifacts of the SF coupling and demanding deviations from leading continuum behavior to be of O(a 2 ),
The coefficients c (i) * t do depend on the number of fermions,
The values 2 of these coefficients are given in Table 3 . 
Perturbation expansion to two loops
The perturbative expansion in the bare coupling amounts to an expansion of the gauge field around the induced background field. This has been described in detail in previous publications [7] , [26] , [14] . In particular we use the gauge fixing procedure as in ref. [7] . In the presence of the abelian background field, both the gluon and quark propagators cannot be computed analytically. The numerical computation of the gluon propagator is described in Section 2 of ref. [14] , and here in Appendix B we give some technical details on how we numerically computed the fermion propagator S. An enumeration of the Feynman diagrams contributing to the Schrödinger functional to two-loop order reveals that the coefficients p ij depend on the improvement coefficients and critical mass in the following way:
All the coefficients coming from diagrams not involving the quarks have been computed in [14] . Here we recall that only two of the coefficients can be given in closed form:
whereas the others require careful numerical evaluation. The contributions p a 1 , p a 2 and p b 2 are tabulated in Table 1 of ref. [14] . As for the diagrams involving the quarks, the one-loop coefficient
has been computed in ref. [17] . It remains to compute the coefficients p e 2 , p f 2 , p g 2 , p h 2 , p i 2 , p j 2 . The contributions p g 2 , p h 2 , p i 2 are very simple because they are obtained by differentiating the one-loop contribution p c 1 with respect to the bare parameters e.g.
and similarly for p g 2 , p i 2 . The contributions are diagrammatically represented in Fig. 1a where the filled circle indicates the insertion obtained by differentiation with respect to one of the bare parameters (the differentiation with respect to η is not indicated).
The contribution p f 2 arises from the correlation of a boundary term in the pure gluon part of the action with the quark-antiquark 1-gluon vertex given in diagram Fig. 1b . The remaining part p e 2 of p 21 comes from the four diagrams in Fig. 2 . The fermion big-mac diagram Fig. 2c is the technically most difficult diagram; the rest of the diagrams are simpler because they are essentially products of 1-loop diagrams. Finally there is only one as yet unmentioned contribution p j 2 to p 22 , which is basically the product of two fermion tadpoles depicted in Fig. 3 .
Fig. 3
Despite optimization of the code in various respects by e.g. making use of all symmetry properties, the CPU-time for the computation which is dominated by the big-mac diagram in Fig. 2c , is rather costly growing rapidly as (L/a) 5 . All diagrams were computed using double precision arithmetic to at least L/a = 32, for two cases c (0) sw = 1 and c (0) sw = 0. The numerical results for p e 2 , p f 2 , p g 2 , p h 2 , p i 2 , p j 2 for c (0) sw = 1, and for p e 2 , p i 2 , p j 2 for c (0) sw = 0, are given in Appendix C in Tables 4,5 and 6 respectively.
We have various stringent tests (as in [26] ) to check our numbers; firstly the full code using sums in position space was compared on the smallest lattices with a slow but independent code (many of whose subroutines had been well tested in previous computations) making sums in momentum space. Secondly gauge parameter independence of the p x 2 was checked. Thirdly it was checked that the full code reproduced numbers for partial sums satisfying all analytically known symmetries, before these were actually used to reduce the number of terms in order to speed up the program execution time. Finally the fact that the I-dependence for p 21 , p 22 (depending on the value of c (0) sw as described in the next section) was as expected from general considerations, gave a further consistency check.
Analysis of the a/L dependence
The generically expected behavior for 2-loop lattice Feynman diagrams suggests an asymptotic expansion for the two-loop coefficients p x 2 of the form
The coefficients of these expansions are extracted from the series of finite lattices (see Appendix C). The method we used here to extract these numbers together with an estimate of their systematic errors is described in some detail in Appendix D.
4.1
The case c (0) sw = 1
The continuum behavior of p 22
Let us start with the simpler case of p 22 where the non-trivial contributions come from only p f 2 and p j 2 . For p f 2 we have n f = 1 and t f n = 0 for all n. Our result is:
The contribution p j 2 on the other hand has a finite non-trivial continuum limit n j = 0, s j 0 = 0. As for the coefficients t j n these are generally non-zero, since the diagram is a product of one-loop diagrams, but t j 0 = t j 1 = 0. For the leading coefficients we find (14) , (4.5) r j 1 = 0.003 (9) . The extracted value of s j 1 above is unfortunately not very precise but consistent with the value 0.000646 obtained from the equation
that we expect from O(a) improvement.
If we now analyze the series for p j 2 + c (1,1) * t p f 2 with the known value for c (1,1) * t with the assumption that the equation (4.7) is fulfilled i.e.
we get
9) r f j 1 = −0.0008 (2) .
(4.10)
Thus we obtain a refined estimate ofp 22 = r f j 0 recorded in Table 2 . Finally we estimate the improvement coefficient c First of all, the expansion of p g 2 has the same structure as that of p f 2 i.e. it has a trivial continuum limit n g = 1 and also the coefficients t g n = 0 for all n. The analysis yields p h 2 on the other hand has a non-trivial finite continuum limit n h = 0, s h 0 = 0 and t h n = 0 for all n. Our results for the leading terms are
The mass insertion term p i 2 has a linear divergence, n i = −1 but s i −1 = s i 0 = 0 and t i n = 0 for all n. For the leading terms we find r i −1 = 0.009568(1) , (4.17) r i 0 = 0.01198 (11) . On the other hand we know that the linear divergences must cancel and hence From this series we could get the still somewhat rough estimates of the continuum behavior
0.0099 (7) . The Callan-Symanzik equation (2.21) (which incidentally requires t 0 = 0) requires the logarithmic divergence s ei 0 to coincide with 2b 11 = −0.0010159, and our estimate (4.25) agrees with this within errors. We are thus justified to assume this to actually be the case and continue to analyze
to obtain an improved estimate for the coefficient
The value for the coefficientp 21 in Table 2 comes from
We also obtain (unfortunately rather poor) estimates for the O(a) coefficients s ei 1 = −0.0016 (17) , (4.30) r ei 1 = −0.003 (7) .
(4.31)
In fact improvement requires
Using the previously obtained [13] values r b 1 = 0.16831(84) and s b 1 = 0.27848(40) gives s ei 1 = −0.00103 (7) which is consistent with but much more accurate than our estimate above.
Finally the most accurate value we could obtain for improvement coefficient c (2,1) * t was extracted by forming the combination
and analyzing the series with the assumption it has the form The analysis of the data for the case c (0) sw = 0 is completely analogous to that for c (0) sw = 1 above, except for the fact that we can simply ignore also all other improvement coefficients. Thus e.g. for p 22 only p j 2 has to be analyzed, and with the same ansatz as before we find
For p 21 we only take into account p e 2 and p i 2 . Again we find that the linear divergences cancel (with the appropriate value of m (1) c ) and the coefficient of ln(I) reproduces 2b 11 within errors. Finally we fit
and the ensuing estimate of r x 0 gives us the value ofp 21 quoted in Table 2 for this case.
Applications

The relation of α MS to α SF
To obtain the coefficients c i (s) in eq.(1.1) from our computation above, we have to use the known results for the coefficients appearing in the relation between α MS and α 0 :
The coefficients d ir (and the β−function coefficients) are given in Appendix A.
The coefficients c i (s) in eq.(1.1) are now obtained through
Now it is clear that since eq.(1.1) is a relation between continuum quantities all coefficients c r must be independent of the lattice bare parameters, which serves as a further consistency check on the computations. This has already been observed at the 1-loop level i.e. from Table 2 3)), we should find thatp 22 is independent of c sw . Indeed our numerical results in Table 2 are consistent with this expectation. Finally d 21 − 4πp 21 should be independent of c sw ; unfortunately this cannot be checked at present because the computation of the d 21 for c sw = 0 is not yet complete [28] . However demanding the equality would require
which will serve as a good consistency check for the (general SU(N)) computation above in progress [28] . In fact the coefficient of c (1) sw above, 16π 2 r h 0 , is already independently checked because r h 0 should be related to the coefficient K 1 in (A.8) through
and this is fulfilled numerically to good precision. Putting all our numerical results together we find for N = 3 This two-loop connection between the two different couplings determines the difference between the non-universal three-loop coefficients of their respective β-functions:
Since the three-loop β-function in the MS-scheme is known we can obtain the SF 3-loop beta function coefficient for the background field A (and θ = π/5) e.g. :
(5.12)
The perturbative coefficients will find their application when the SFcoupling has been measured over a wide range of energies. Once the SFcouplingḡ is known for small box size, it is to be converted to the MScoupling at high energy. One could conventionally choose the mass of the neutral weak boson M Z as a scale here. Another procedure -attractive for asymptotically free theories -is to extract the Λ-parameter which is simply related to the behavior at asymptotically large energy. It is a renormalization group invariant given by
(5.13) The conversion to Λ MS then amounts to an additional known factor:
If we insert a smallḡ(L) belonging to a very small L (in physical units) into formula (5.13), then the exponentiated integral is close to unity. Knowledge of the three loop term will give some estimate of the systematic error which will definitely be less than the statistical error in the near future.
The step scaling function
A central quantity in the ALPHA collaboration's approach is the step scaling function which generalizes the β-function to finite rescalings,
We remind the reader that we use a mass independent renormalization scheme and set the quark mass to zero. On the lattice, σ emerges as the continuum limit of a finite lattice spacing approximant Σ, σ(s, u) = lim a→0 Σ(s, u, a/L). (5.17) Due to the absence of chiral symmetry before the continuum limit is taken one has to precisely specify a zero mass condition with the cutoff in place. In the numerical simulations a certain unambiguous definition based on the PCAC relation is adopted. This leads to I = L/a dependent expansion coefficients m Table 1 . Only the latter are presently known to us. For the extrapolations in the previous section (including O(a) improvement) this is of no concern. The following perturbative estimation of the full (all orders in a) lattice artifacts would however be more realistic with finite I mass expansion coefficients and is hence only given to get a first idea here. An improved version will be published elsewhere.
All perturbative information about the convergence speed of Σ for s = 2 is conveniently summarized in coefficients δ nj (a/L) defined by All the δ nj decay with an asymptotic rate proportional to (a/L) 2 in the O(a) improved theory. We are free to use δ to cancel perturbative finite a effects from Monte Carlo data, as pointed out in [34] . For this purpose one uses the same improvement coefficients as in the simulation and the expansion of m c for finite lattice spacing. Only for cases where nonperturbative improvement coefficients are used in the simulation, like c sw , one replaces these by the leading perturbative expressions. Fig.1 gives an impression of the two loop artifacts for zero and two flavours. They are reasonably small and show the expected decay pattern.
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A. The 2-loop relation between α MS and α 0
The coefficients d ir appearing in the the relation between α MS and α 0 Eqs.(5.2), (5.3) have the form for general gauge group SU(N)
The coefficients k i which have been computed in [9] and checked by the authors of ref. [10] are given by
The coefficient K 1 is a function of c (0) sw and Wilson's parameter r. In our computations we always set r = 1 and hence only indicate the dependence on c (0) sw i.e. K 1 = K 1 (c (0) sw ) . We have 3 K 1 (x) = −0.08414443(8) + 0.063419(1)x − 0.375024(1)x 2 .
(A.8)
Similarly we have K r = K r (c (0) sw , c (1) sw ) for r = 2, 3. So far only the pure Wilson case has been computed in ref. [11] K 2 (0, 0) = −0.10924 (22) , (A.9) K 3 (0, 0) = 0.14033 (26) .
(A.10)
The extension of the computation to the case c sw = 0 is now under way [28] . The universal coefficients of the beta-function are given by
and the 3-loop beta function coefficient in the MS-scheme [35] is given by
B. The free fermion propagator in the abelian background field
The Wilson-Dirac operator D, which is now taken to include the Sheikoleslami-Wohlert term, is diagonal in momentum and color space for the background field under consideration. We hence assume these fixed and discuss the inversion in time and Dirac-spin space. The calculational technique is adapted from the calculation the background field gluon propagator in [26, 14] . The propagator will be entirely constructed from solutions to the homogeneous equations
with projectors P ± = 1 2 (1 ± γ 0 ). In each case there are two independent solutions, which are constructed by forward (backward) recurrence in t for ψ f (ψ b ) starting from the t = 0 (t = T ) boundary. We assemble the two solutions into two columns in ψ f , ψ b . Using pseudo hermiticity, D † = γ 5 Dγ 5 , the defining equation
and the fact that in a matrix sense S must also be the left inverse to D we derive
Here V is a two by two matrix acting on the index that labels independent solutions. Inspection of the propagator equation at t ′ = t ± 1 yields in addition
To determine V we exploit (B.3) at t = t ′ ,
Now V can be isolated with the help of (B.6), (B.7) and
whose left hand side is shown to be t-independent by the homogeneous Dirac equation and vanishes for t = 1. The final result can be written as
C. Tables of expansion coefficients
In this appendix we list perturbative finite lattice input data that went into our analysis. Numbers have been truncated such that roundoff errors affect the last digit only. 
D. Extrapolation of lattice perturbation theory
In this appendix we discuss a modified method to extract the continuum limit behavior of lattice Feynman diagrams. That is we assume to have precise results F (I) (for a given diagram or a sum of diagrams) for a range of I = L/a, I 1 < I 2 < . . . < I n (typical subsets of I are 2, . . . , 32), and the goal is to determine the leading and subleading behavior as I → ∞.
The precision of the data is limited by roundoff effects. We treat the roundoff errors δ F (I) as normally distributed superimposed noise, independent for different I. 
where f (evaluated for the n values of I for which we have data) is regarded as an n × n f matrix and α is an n f -dimensional column vector that we want to determine. In ref. [36] a recursive blocking technique was proposed to determine α which was claimed superior to making least square fits. In the following we shall find that blocking can actually be considered as a particular way of fitting with generalizations however being potentially more convenient.
We determine α by minimizing a quadratic form in the residues
Here W 2 is an n-dimensional matrix of positive weights. It can be used to emphasize residues at small or large I in the minimization. Small I are less affected by roundoff, leading to less roundoff errors induced in α. On the other hand for larger I the asymptotic expansion holds to a better degree, and hence here smaller systematic errors are expected. In fact for our data we found little advantage in setting W IJ = δ IJ I z , −3 ≤ z ≤ 3; and thus we finally used a flat weight W = 1 and just changed the I range analyzed to observe convergence by moving I min while always keeping I max at the highest available size. The freedom in choice of W could however be useful in different situations and hence we keep it general in the following discussion. Minimization of (D.4) leads to the equation
We assume that the columns of W f are linearly independent thus spanning an n f -dimensional subspace (n f < n must always hold). Let P be the projector on to this subspace. Then W f α = P W F , (D.6)
is an equivalent equation that fixes α. A very stable and convenient way to solve for α is to construct the singular value decomposition for W f [37] . In a very simple version it amounts to a factorization
where U is a column-orthonormal n × n f matrix obeying
S is diagonal and V orthonormal, both of size n f × n f . Then we get α = V S −1 U T W F . (D.9)
By simple error propagation the roundoff error of α is
(D.10)
A simple property of (D.6) is the following. Imagine changing F by a component proportional to one of the functions f k included in the fit. Then it is easy to see that only the corresponding α k changes. In other words an estimate of α 1 from (D.9) is only uncertain due to components beyond f 1 , . . . , f n f contained in F . Then it is clear that if we choose the I-window minimal (n = n f successive values) the solution is equivalent to a blocking procedure cancelling n f − 1 components to isolate say α 1 .
The estimation of the systematic errors is the most delicate problem in our context. After considerable experimentation we propose the following procedure. We assume that the remainder R can be modelled by a linear combination of the n r functions f n f +1 , f n f +2 , . . . , f n f +nr following those included in the fit. Typically in our case these would be the n r = 3 functions ln 2 I/I m , ln I/I m , 1/I m , if O(1/I m−1 ) is the last order in the fit. If they could be fitted individually (that is distinguished), they would be included in the analysis. Instead, for our error analysis we make n r separate fits including only one of them per fit in addition to the f i , i = 1, . . . , n f . In this way we get the coefficients A 1 , . . . , A nr of the extra term in each case. The model remainders A 1 f n f +1 , A 2 f n f +2 , . . . , A nr f n f +nr are fitted in the same way as the data (D.9), and the maximal fit-coefficient of the n r cases is taken as the systematic error d α k of α k .
We found that these errors based on the leading unincluded contribution are smaller in most (but not all) cases compared to the previous method focussing on the last included term. The present errors seem more realistic in the sense that expected relations (like coefficients of the β-function) hold to an accuracy still conservatively but not grossly more accurate than the estimated errors.
